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1.  Introduction . 

The  general  solution  due  to  Galerkin  M1  of  the  field  equations  in 
classical  elastostatics,  was  extended  to  elastokinetics  by  Iacovache  [2] 
on  the  basis  of  a  formal  operational  scheme  originated  by  Gr.  C.  Moisil  £3]. 
The  method  of  derivation  employed  in  £2],  however,  does  not  assure  the  com¬ 
pleteness  of  the  solution  so  obtained.  In  the  present  paper  we  supply  a 
completeness  proof  for  the  generalized  Galerkin  solution  and  relate  it  to 
a  generalization  of  Papkovich's  M  solution  of  the  equilibrium  equations. 
With  a  view  toward  the  fact  that  the  Galerkin  vector  of  elastokinetics,  in 
the  absence  of  body  forces,  satisfies  a  repeated  wave  equation,  we  prove 
further  that  every  solution  of  such  an  equation  may  be  represented  as  the 
sum  of  two  wave  functions.  This  result  is  a  generalization  of  a  theorem 
due  to  Almansi  £ST]  regarding  the  integration  of  the  biharmonic  equation. 

2.  Completeness  of  the  generalized  Galerkin  solution. 

The  displacement  equations  of  motion  in  the  linear  theory  of  homo¬ 
geneous  and  isotropic  elastic  media  are  given  by 

The  results  communicated  in  this  paper  were  obtained  in  the  course 
of  an  investigation  conducted  under  Contract  N7onr-32906  with  the  Office  of 
Naval  Research,  Department  of  the  Navy,  Washington,  D.  C. 

^Numbers  in  brackets  refer  to  the  bibliography  at  the  end  of  the  paper. 
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72u  +  r^777*  u"^i?  +  /  =  0  '  (1) 

■where  u  is  the  displacement  vector,^  t  stands  for  the  time,  1?  is  the 
body  force  density,  jd  the  mass  density,  while  p  and  fJL  denote  Poisson’s 

•<5 

ratio  and  the  shear  modulus,  respectively.  Let  S(P,t)  beJ  four  times  con¬ 
tinuously  differentiable  for  P  in  an  arbitrary  region  of  space  D  and 
a  <  t  <  b.  Substitution  into  (1)  confirms  that  every  displacement  field  of 
the  form 

u  =  2^[2U  -1»  B  -  TV  •  g]  (2) 

satisfies  (1)  provided 

□?ni5  =  -rrr  > 

where 

2 

rj  =  V2  -  ~~2  (i  =  2)  (h) 

c^  at 

and 


f  ■  °l  =  f  •  <» 

Equations  (2),  (3)  constitute  the  solution  of  (1)  discovered  by  Iaco- 
vache  £2],  when  the  body  forces  are  absent.  If  G  is  independent  of  t, 
this  solution  becomes  identical  with  Galerkin's  solution  £l]  of  the  equili¬ 
brium  equations. ^  "jfe  now  prove  the  following  completeness  theorems 

Let  D,  with  the  boundary  B,  be  a  bounded  (not  necessarily  simply 
connected)  region  of  space.  Let  u(P,t)  be  continuous  in  D  +  B,  piecewise 

^Letters  carrying  bars  designate  vectors;  the  symbols  and  "X”  indi¬ 
cate  scalar  and  vector  multiplication  of  two  vectors,  respectively.  V  is 
the  usual  del-operator. 

%e  shall  write  consistently  f(P,t)  in  place  of  f(x,y,z,t),  P  being 
a  point  with  rectangular  cartesian  coordinates  (x,y,z). 

^See  also  Mindlin  £6]  and  Wester gaard  Q7j]* 
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four  times  continuously  differentiable  for  P  in  D  and  -cd  <  t  <  oo. 

If  u(P,t)  is  a  solution  of  (l),  then  there  exists  a  function  §(P,t),  of 
the  same  degree  of  smoothness,  such  that  the  representation  (2),  (3)  holds. 

By  virtue  of  the  Stoke s-Helinholtz  resolution, ^  there  exist  <{)(P,t) 
and  A(P,t),  both  having  the  degree  of  smoothness  of  u(P,t),  such  that 


2fA.  u  =  7  $  +  V  X  A 


(6) 


Substitution  of  (6)  into  (1)  yields,  -with  the  aid  of  (h)  and  (5), 

2 

c 

4Div<i>+n27x5  +  2p  =  o  •  (7) 

C2 

Next  define  a  function  $(P,t)  by  means  of 


SCP,t)  = 


rc2 


47<>2  +  7x*1 


(8) 


,  —  c 

in  which  <J>2(P,t)  and  A^(P,t)  are  the  retarded  potentials  given  by 


<MP,t)  = 


f  (J)(Q,t-R/c  )  _  fA(Q,t-R/c  ) 

£  A  X  \  _  I  J- 


* 


R 


d r  ,  \(p,t)  = 


d"f 


R 


(9) 


Here  R  is  the  distance  from  P  to  Q  and  the  integrations  are  with  re¬ 
spect  to  Q.  Clearly,  G(P,t)  has  the  required  smoothness.  Moreover,  from 
the  theory  of  retarded  potentials,^ 

□2  $2  =  -  , 

whence  (8)  inplies 


(10) 


8rf(l-  y)c; 


□l7t2 


By  (10),  (11), 


(11) 


(12) 


^See,  for  exanple,  Phillips  Q8],  p.  I87. 
^See  Phillips  Q8Q,  Chapter  II. 


-x 


and  (7),  (12)  inply  (3). 
In  view  of  (8) , 


(13) 


V  •  5  =  - 


2 

C1 


8^(1-  ?>)c‘ 


f  L 


while  (6) ,  (11)  lead  to 

2 

2/1  u  =7  (>  +  2(1-  yf)  □?  G  +— v  <t»2  .  Oii) 

Uw'-Cg 

It  follows  from  (lU),  (10),  and  (U)  that 

2/tu=2(l-^)C£0  +  1^(^-l)v78*2  (15) 

'  °2  ' 

and  (15),  (13),  because  of  (5),  yield  (2).  This  completes  the  proof  of  the 
theorem. 

If  we  define  functions  <p(P,t)  and  7p(P,t)  through 

<p(p,t)  =  -  v  •  5  -  r .  *qj  ,  qr(p,t)  =  -  \  eg  a  >  as) 

in  which  r  is  the  position  vector  of  P,  (2)  becomes 


2/Au  =  V(<p  +  r  •  TJT)  -  1|(1  -  >>)  TJ7  • 

On  the  other  hand,  we  conclude  from  (16) ,  with  the  aid  of  (3)  and 

□fr  +  ?  *  Di  V  =  0  »  ^  =  2(1  -  V7  • 

If  (p  and  ZfJ  are  independent  of  t,  Equations  (17),  (18)  reduce  to 
Papkovich's  [IT]  general  solution  of  the  equilibrium  equations  which  was 

y 

independently  discovered  by  Neuber  Q?]. 


(17) 

(U) ,  that 

(18) 


3.  A  theorem  on  the  integration  of  the  repeated  wave  equation. 

According  to  (3),  the  generalized  Galerkin  vector  G(P,t)  satisfies 
an  inhomogeneous  repeated  wave  equation.  If  D  is  bounded  while  F(P,t) 
is  continuous  in  D  +  B  and  piecewise  twice  continuously  differentiable 

7 See  also  Mindlin  [6],  TlO].  The  body  forces  are  assumed  to  vanish 
in  QlfJ  and  £9^5  they  are  included  in  [jlO]. 


for  P  in  D,  -oo  <  t  <  oo,  a  particular  solution  of  (3)  is  obtainable 
through  an  iterated  retarded  potential.  Indeed,  such  a  solution  is  given 


1  E(Q,t  -  R/c,) 

S(P,t)  =  - i-  d/  , 

bL  R 


E(P,t)  = 


1 6?f2(l-y>) 


f(Q,t  -  R/cJ 


dr  , 


where  R  is  again  the  distance  from  P  to  Q.  We  now  turn  to  the  homo¬ 
geneous  repeated  wave  equation  and  prove  the  theorem: 

G(P>t)  be  four  times  continuously  differentiable  for  P  in  an 
arbitrary  region  D  and  a  <  t  <  b.  If  G(P,t)  is  a  solution  of 

□l  O'?  G  =  0  >  cl^  c2  •  (20) 

then  it  admits  the  representation 


G  =  G1(P,t)  +  G2(P,t) 


where 


Qi  Gi  =  0  (i  =  1>2)  (22) 

and  Gi(P,t)  is  twice  continuously  differentiable  in  D,  a  <  t  <  b. 

It  suffices  to  show  that  there  exists  a  G^P,^  which  has  the  de¬ 
sired  smoothness  and  simultaneously  meets  the  equations 

□1  G1  =  0  >  (G  -  G1)  =  0  .  (23) 

Once  the  existence  of  such  a  G1  has  been  demonstrated,  we  define  G2(P,t) 
by 

G2(P»t)  =  G  -  G1  ,  (22*) 

and  the  proof  is  complete. 

Equations  (23),  in  view  of  (It),  are  equivalent  to 
. _ .2 

Ql  =  0  '  =  s  »  (25) 
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■where 


g(P,t)  = 


2  2 
C1  C2 


'  -  eT 

'2  °1 


Cg<J 


and,  from  (20), 


Thus,  we  need  only  exhibit  a  function  G1(P,t)  satisfying  (25),  subject 
to  (27). 

Consider  the  function  H(P,t)  defined  by 

ot  nA 

H(P,t)  =  g(P,|)  dj  dA  .  (28) 


Clearly,  G^  =  H  conforms  to  the  second  of  (25).  Moreover,  by  (27),  (28), 


Stf-c«9-ce.-o  , 


whence 


H  =  ofr(P)  +  tp(P)  .  (30) 

Next,  consider  the  function  G1(P,t)  defined  by 

^(P,*)  =  H(P,t)  +  A(P)  +  tB(P)  ,  (31) 

where  A  and  B  are  particular  solutions  of  the  Poisson  equations 

V^A.  =  -  at  ,  V2B  =  -  p  .  (32) 

By  virtue  of  (28),  G^  so  defined  still  meets  the  second  of  (25),  and  ac¬ 
cording  to  (30),  (32),  it  also  satisfies  the  first  of  (25).  Finally, 

^(P»t)  has  the  desired  smoothness.  The  proof  is  now  conplete. 

The  foregoing  theorem  is  the  counterpart  for  the  repeated  wave  equation, 
of  Almansi 1  s  £5[]  theorem  regarding  the  represent  ability  of  biharmonic 
functions  in  terms  of  harmonic  functions.  A  different  kind  of  extension 


^Recall  that  c^  /  Cg. 


of  Almansi’s  theorem  was  given  in  p.1^*  It  should  be  noted  that  the  present 
theorem,  in  contrast  to  those  established  in  DO  and  M.  does  not  involve 
any  convexity  restrictions  on  the  region  D. 


i 


As  a  consequence  of  the  two  theorems  proved  in  this  paper,  and  with 
reference  to  (2),  (3),  (It),  the  general  solution  of  the  equations  of  motion 
(1),  in  the  absence  of  body  forces,  admits  the  alternative  representation 

g2g 

‘  <Bl +  B 2>  ’  <33) 

\  =  o  (1  =  1,2)  .  (310 

This  reduces  the  problem  of  elastokinetics  to  the  determination  of  appropri¬ 
ate  solutions  of  the  wave  equation. 
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